IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Quantum symmetries associated with the Perk-Schultz model

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1992 J. Phys. A: Math. Gen. 25 1953
(http://iopscience.iop.org/0305-4470/25/7/034)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.62
The article was downloaded on 01/06/2010 at 18:16

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/7
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 25 (1992) 1953-1966. Printed in the UK

Quantum symmetries associated with the Perk—Schultz model

M Couture
AECL, Chalk River Laboratories, Chalk River, Ontario, Canada K0J 1J0

Received 28 June 1991

Abstract. The quantum algebraic structures associated with a family of R-matrices one
extracts from the Perk-Schultz model are studied. Starting with the quantum spaces one
can define from the R-matrices, we show how different duality conditions at the level of
quantum spaces (Manin's construction) translate in different quantum groups and quantized
universal enveloping algebras.

1. Introduction

In this paper we study the quantum algebraic structures associated with the R-matrices
R one extracts from the Perk-Schultz vertex model [1]. Throughout the paper R
denotes the matrices which are solutions of

RRos Ry = RyyR o R, (1.1)

where the subscripts indicate the action on the triple tensor product space VR V@V
where V is an n-dimensional complex vector space. The exact solution of this model
has been recently discussed in [2]. Recent studies (reviewed below) suggest that in
addition to the usual supersymmetry there exist another symmetry associated with this
model. It is the purpose of this paper to examine this question. In Manin’s construction
of quantum groups [3-5] one considers a set of quantum spaces on which the quantum
group coacts. We shall consider the coaction on a pair of quantum spaces which are
dual to each other. These quadratic algebras are defined using the matrices R one
extracts (by a limiting procedure) from the model. Two cases are considered each
corresponding to a particular definition of duality (at the level of the quantum spaces)
and rule for the multiplication in the tensor product of two algebras. At the level of
the quantized universal enveloping algebras this translates into different duality condi-
tions expressed in terms of the solutions of the graded or non-graded Yang-Baxter
equations (without spectral parameter). Examination of the two-dimensional case
suggests that these two constructions lead to two versions of supersymmetry, one of
which does not have a classical limit; in this simple case, the version of supersymmetry
which does not have a classical limit is shown to be related to U,(sl{2, C)} at root of
unity (=i, ¥=-1).

All algebras discussed are Z, graded and we shall use some of Manin’s notation
[5] in describing the grading. The Z,-degree of an element b will be denoted §; a
format is an arbitrary sequence (a,, ds,...,a,} with a;€ Z,. Every algebra will be
associated with a given format by defining the grading (parity) #4 of its elements zd
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1954 M Couture

(i,j=1,n) as £/ = a,+a;; we put i = a, and therefore #/ = :+; The solutions of (1.1)
one extracts from these graded vertex models can now be written as follows:

1“5(q)=(1—q2)r ¥y e®e’+2( 1)ig¥e®@ei+qg )E (—1)“({’f)e{®e} (1.2)
=i<jsn i=1 irj
L1

reﬂfn(‘hnn being that rv(: } =af r r\c 7.._ Due to the ulrnnllcﬂ'y of

1% SIS

verified that it satlsﬁes (1 1} for all O.'(i j) For a given format (a,,da,,...,a,), the
characteristic and minimal polynomials Ch(A) and m(A) of R are as follows:

Ch(A) — (A _ 1)[n(n+:l)/2]-2a‘(A +q2)[n(n—l)/2]+2a‘ (130)
m{x)=(A—1){A+q%. (1.3b)

Note that given (1.2) one can obtain the statistical weights of this model through
Baxterization using the following formula

W(X; q)= R(q)+A,A,XR (g) (1.4)

where from (1.3) we have A;=1 and A,= —g°. With the identification ¢ =¢" and
X =¢&** it follows that (trigonometric regime)

W0, v)= Y elsienta-blaag by Z sin(v+(-1)%8) sin(») 'e?®e?
arh
ab=1

+ ¥ (—1)*@B sin(8) sin(r) el @ el (1.5)
c:;:bl

These weights correspond to those of de Vega and Lopes [2] where their function G,,
is equal to (-—1)"‘&’5’.

The quantum algebraic structures associated to the family of solutions (1.2) have
already been the object of several studies. It is well known that GL,(1|1) is related to '
the solution n=2 with format (0, 1) which we denote R(0, 1); certain aspects of it
have been discussed in [6]; in [7] the differential geometry and quantized universal
enveloping algebra of GL,(1|1) was presented. In [8], the quantum Lie superalgebra
sl,(M [ N) was shown to be related to these solutions. In [9], a supersymmetric version
of the R-formalism of the St. Petersburg school [10] was discussed and, starting with
R(0, 1), the quantized universal enveloping algebra related to GL,(1|1} was derived
as an example. All of these results are examples of quantum deformations of Lie
superalgebras and of the group GL(1 [1).

Other quantum algebraic structures have been shown to be related to the solutions
(1.2). Starting with R(0, 1), Jing et al [11] used the standard (non-supersymmetric)
version of the R-formalism (the distinction between the two versions of the R-formalism
will be made clear in the following sections) and obtained a quantized universal
enveloping algebra different from the one obtained in [7, 9]. In [12], it was shown that
R(0, 1) is related to the two dimensional highest weight representation of U,(sl(2, C))
with f=i; the parameter g that appears in R(0,1) is no longer the deformation
parameter (since £ =) but it is the free parameter that characterizes the representation
(in general the representations of U,(sl(2, C)) at roots of unity are parameterized by
three parameters). In the case g = i, the two parameter quantized universal enveloping
algebra U, ,(gl(K +1; C); L) presented in [13] is also related to the solutions (1.2).
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In all of the above studies, the discussion was restricted to the quantized universal
enveloping algebras associated with the solutions (1.2) (except in the case of GL,(1]1)).
The approach used in this paper differs from the ones discussed above in that we begin
our analysis at the level of quantum spaces for which quantum groups are the symmetry
transformations. The quantized universal enveloping algebras are objects which are
then defined in a space dual to that of the quantum group. The symmetries involved
are then more transparent. Qur paper is therefore organized as follows. In section 2
the quantum spaces are defined. The homomorphisms of two sets S and § are examined
in sections 3 and 4. We then proceed to define the quantized universal enveloping
algebras in sections 5 and 6. In section 7 the particular case of R(0, 1) is discussed in
detail. We conclude with a few remarks. Since we intend to draw a parallel between
two possible paths there will necessarily be some overlap with previous works; these
will be indicated as we proceed.

2. Associated quantum spaces

The quantum spaces associated to the solutions (1.2} are quadratic algebras generated
by n variables x,, x,, ..., x, subject to the relations

[f(R)TH %k, =0 (2.1)

where f is an arbitrary polynomial in R; it follows from (1.3b) that f can always be
written

S(R)=c R+l (2.2)
where [ is the unit matrix and ¢,, ¢; € € are to be determined by solving (2.1). There
are only two solutions that lead to non-zero x;’s. The first solution ¢, = —c, leads to

xi=0 i=1

2 (2'3)
X% = (=1)*"g 7 e, = 0 i<j

while from the second solution ¢, = ¢,4” we get
x2=0 i=0

.. {2.4)
xiJg+(—1)a(“")q.7g;x,-=0 1<j.

We first connect with the one parameter version of Manin’s [5] general linear super-
group GL,(M|N). For ease of reference we use most of his notation.

3. GL,(MIN)

Manin introduces the following two quantum spaces (we consider Manin’s one para-
metric version). 4, is a‘_quadratic algebra generated by n coordinates x,, ..., x, with
parity assignment X; = i and commutation rules

(x)=0 for i=1
" (3.1)
xx— (1) ¢ ' xx, =0 for i<j.
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Note that the relations defining A, corresponds to the solution (2.3) with af :: f) = :}A
The quadratlc algebra Al s generated by n coordinates £',..., £" with parity assign-
ment § =1+k and commutation rules

(£ =0 for k=0
kgt E+1)(T+1), 410k (3.2)
FE - ()P gl =0 for k<l
He defines duality through the following pairings
(¢; x) =81 (3.3a)
(€ ®¢; x®x)=(-1)"""5}s]. (3.3b)

One may check that following this definition A} is dual to A,. The rule for multiplication
in the tensor product of two algebras is defined to be

(a®@bNe®d) =(-1)(ac®bd). (3.4)

Now consider the nxXn matrix Z=(z{)§:j=leGLq(M|N) associated to a format
(a,,az,...,a,) where M=n—X]_, a; and N=2X}_, ;. The commutation relations
satisfied by the elements z/ are determined by requiring that the maps

5(x)=Z@x = 8(x)= ¥, 2/®x
! (3.5)
B*E)=ZR¢ = 5(¢°)= ¥ 2.®¢
i=1

be homomorphism of A, and A} respectively; with the rule (3.4) one obtains Manin's
relations which we give for ease of reference

(z()*=0 i+k=o0dd

sz—(—l)(ﬁﬂ)(h”qz k=0 i =o0dd k<l

2= (—1)¥ g1zl =0 i=even k<!

zfzk - (- 1)”q 'zfzf=0 k=even i<j (3.6)
75z *(*1)“*”“*”:121- zk=0 £=o0dd i<j

(—)TDzkp - (~1) 1Dtk = (-1) (g7 - q)2lz) i<j k<l
zhzl= (—1)UrRIIrD Lk i<j k<l

The last relation in (3.6) follows by requiring that g*# —1.
We stress that the map (coproduct)

Az} =Y zi®zf (3.7
J=1
preserves the structure described in (3_.6) provided one uses_the rule (3.4). We now
use the graded permutation operator P and define a matrix R

R=PR  [P13=s283(-1)" (3.8a)
R=q % e@ef+z gFei@ei+(1-¢) T (-1D)7ei®@el.  (3.8b)

Petf I1Ki<j=n
Li=1
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The matrix elements ﬁ;’fg satisfy the graded Yang-Baxter equations (ﬁ,}z is equal to
the coefficient of e3® e} in (3.8b))

}2 RPRY Ry (-8 5 REPRPRT, (- (3.9a)
&,8,y=

which can be written

R~127?12§137I|3R~231723 = R~23 1723El3 1'I13Rm12"'l12- (3.9b)

The use of the matrices (), 2‘2323—5”16”25%( 1)%4 provide a means of taking into
account the gradings while preserving normal matrix multiplication; this way of writing
the graded Yang-Baxter equation was introduced in [9]. The relations {3.6) can now
be written as follows:

Rz, Pz,P =Pz PZ,R 2,=2Z®I. (3.10)
The fundamental representation p of GL,(M|N) is as follows:

p(z))§ = RS (3.11)
indeed substitution of (3.11) into (3.10), and use of the fact that

REA0= it¢=j+pB and id=jf (3.12)

leads to the graded Yang-Baxter equation (3.9). Let A= C(z}) be a C-algebra freely
generated by the n” variables z{; the algebra of quantum matrices is defined as follows:

Az=C(z))/ Ix (3.13)

..... AY mRT

where Iz is the two-sided ideal in A generated by the relations {(3.10). Note that if we
put g=1in (3.6), the z{’s obey the supercommutation rules. Apg is therefore a deforma-
tion of the ring of polynomial functions on a supermanifold. A few words on related
works.

The relation between R in the n =2 case with format (0, 1) and GL,(1]1) has been
discussed in [7]. In [9] the relation (3.10) is given without any connection with a
particular quantum group and only a few special cases of the solutions (1.2) are
mentioned; what we have shown here is that starting with Mamn s quantum planes
one is led naturally to this relation. The connection between R as defined in (3.8b)
and Manin’s relations (3.6) is believed to be new. Note that the above construction
remains true for general a(: j)

We now repeat this construction using a different duality condition and we shall
keep a general. Due to its similarities with Manin’s quantum group we denote this
structure GL,((M|N); ).

4. GL(MIN); a)

We denote by A_q the qgadratic algebra generated by n coordinates x;, x;, ..., x, with
parity assignment %, = i and commutation rules

x2=0 for i=1
e 4.1
xixj__(_l)a{r,})q“lxjszo for i<j
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where a(; f) is arbitrary; the relation (4.1) correspond to (2.3). Next consider the
quadratlc algebra A generated by n coordinates £', £7, ..., £" with parity assignment
=1+k and commutanon rules

(£)=0 for k=0
£+ (~1)*®Dggigk =0 for k<l

(4.2) correspond to solutions {2.4). We note that since relations (4.1) and (4.2) were
obtained by solving (2.1) it follows that no additional relations are needed in order
to assure associativity of A, and A}. Defining duality through the following pairings,

(&4 x;y= 81 (4.3a)
(*®E|x,®x)= 58] (4.3b)

it follows that A¥ is dual to A,. The multiplication rule between tensor products of
two algebras is defined to be

(a®b)(c®d) = (ac®bd). (4.4)

Let us proceed as in the case of GL,(M|N) and consider a matrix Z =(z{)7,_,€
GLq((M |N); a) with a fixed format and require that the maps (3.5) be homomorphisms
of A, and A*; we obtain the following relations:

(4.2)

(z5?*=0 f+k=o0dd

2zl (=)= RDgzrizk =0 i = o0dd k<l

zkzl—(=1)= %Dzl = i =even k<1

z¥zk —(—l)"“"”q“z“z‘k =0 k=even i<j 4.5
zfz,'-‘+(—])“("-”qzj zi=0 k=odd i<j

zlzl = (—1)eRiratid gkl for i<jk<l

(=1)=ED kgl ()2 glzk < (g7 — g)zizk for i<j k<l

We now use the non-graded permutation operator P and introduce the family of
matrices R

R=PR [P15=58255
ab b (46)
R=q 3 (- ~1)* el@ef+ T (-D)g¥el@ei+(1-¢") T e;®e]
ij i=] l=i<j<n
ij=1
R is a solution of the non-graded Yang-Baxter equation
Ri2R;3Ry =Ry R3R. (4.7)

The relations (4.5) can now be summarized as follows:
RZ . PZ,P=PZ PZ R Zi=ZRL (4.8)
The algebra generated by the n” elements z/ has the following bi-algebra structure
AM2)=Z®Z = Azf)= T 2i®zf
j=1

e(Z)=1=> e(z¥) = 8}
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We stress that the difference in the structures described in (3.6) and (4.5) does not lie
in the fact that « is kept general (this could have been done in (3.6)) but in the different
product rule.

Note that A preserves the structure provided one uses the multiplication rule (4.4).
The fundamental representation of GL,((M|N); a) is as follows:

p(zD)i =Rl (4.9)

indeed substitution of {4.9) into {4.8) leads to {4.7). Let A= C(z{) be the C-algebra
freely generated by the n” variables zJ; the algebra of quantum matrices is defined as
follows:

Ag = C(z)/ Ir (4.10)

where I is the two-sided ideal in A generated by the relations (4.8).

Let us summarize the results obtained thus far. We have considered two sets S=
(A,, AY) and 8 =(A,, A¥) of quantum spaces associated to the family of solutions R
described in (1.2); note that A, A when a(i, =i _)' and in such a case the two sets
of planes differ only in the way duallty is defined, Examination of the homomorphisms
of such spaces has led us in the case of the set 5 to Manin’s GLq(M |N } while the set
S gave us GL {(M|N}; a). We have established that GL,({M|N); @) is a bialgebra
with the multlphcatlon rule (4.4) instead of (3.4) and we suspect that it has a quantum
group structure, i.e. that an antipode exists. The determinant also needs to be defined.
We shall leave such questions for further studies. We note that the relations defining

2((1]11); @ = 0) with format (0, 1) have also been given in [11]. Finally, it is important
to mentlon that the possibility of having more than one symmetry associated with a
given solution of the Yang-Baxter equation (1.1) has already been pointed out by
Manin (see example in section 4 of ref [3]) in the context of Yang-Baxter operators
which he defines [4] as an operator that satisfies (1.1) but for which (R)?=1. These
different symmetries are associated to different Yang-Baxter categories.
GL,{((M|NY}; &) is an example of this in the case of what Manin refers to as weak
Yang Baxter operators [4], which are operators that satisfy (1.1) but for which (R)*%1.
We now turn to universal enveloping algebras U and U, associated to GL,(M|N)
and GL,({M|N); a) respectively. A study of the dual spaces will allow us to gain a
beiter understanding of the difference between these two symmetries. In particular it
will be shown that the quantized universal enveloping algebra of GL,((1|1); a = 0) is
related to U,_;(st(2, C)).

5. Quantized universal enveloping algebra fl,, associated to GL (M|N)

U is defined as a subalgebra of the dual to Ag; U is generated by the unit element
1 and the generators LY(i, j =1, n) which are deﬁned by the following duality relations

(1';Z|Z}_...Zk)=1®k (5 1)
(L 2,2, .. Z)=R®R™ ... R®
where L™ =(L{")?;_, and the unit matrix are both n x n matrices.

Z=18..8Z8...0I
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(k tensor products) and B™ act non-trivially on factor number 0 and i in the tensor
product V®**! and coincide there with the matrix R**? defined as follows:

R =PRP RT'=R™ (5.2)
where R is defined in (3.8).

In checking the consistency of definition (5.1) with the relation (3.10) use has been
made of the properties (3.12) of R and of the fact that R is a solution of (3.9) and of

Rza"?z;Rlz Tthls ﬂ13=R(13 "713R12 771sz37]23- (5.3)

Due to the particular form and properties of R it follows from (5.1) that L**” and L™
are upper and lower triangular matrices respectively and that

LPLY =1 (i=1,n) (5.4)

with no summation over repeated indices. From duality condition (5.1} it can be shown
that the following relations exists among the generators of U,

RB(LEOQNBLY®N) = (L@ NBLYDI)PR (5.5a)
RE(LM®NBLT®N=(LTQNP(L®I)PR (5.5b)

In verifying the consistency of the relations (5.5) with the defining condition (5.1) we
used the property (3.12) of R as well as the fact that R is a solution of (3.9) and

R13n13R237’23Rl; 2= Rlz Tthza"’)zaRla’ha (5.6a)}
R12"?12R23 ﬂz:Ru Ts= R 13 "?13R23 7)23R12"?12 (5.6b)
Writing (5.5) explicitly we get
(L, Li=0 for all i
(LY =0 i+k=o0dd
LELE - (1) gL LY =0 k =even i<j
‘*}L(*)—-q“’(—1)““’“*”L‘-*’L§f’=0 k=odd i<j
LELE —g(-1) L® L =0 i =even k<!
L‘=’L(=’— g {(—pEup e — g i=odd k<i
LPLY - (-1 Y ' LYLY <0 k =even i<j
L(“ ~q(—1)"+”‘1+”L‘-’L‘”=0 £=o0dd i<j
(” —(-DHg L LY =0 i=even k<t 5.7)
Ls Lﬂr’—-(—1)“‘*”“*"qL£,+’L‘,-k’=0 i =odd k<l
LELE - (-1ydRD e =0 i<j k<l
L(“L‘k"—(—1)‘”“‘““&;1}?’:0 k<i<j=<I
L‘*’L“]—(—1)(f+’c"i+f’L}f’L§,f’=0 isk<l<j
L‘“L” (- l)(“““*“lﬁ LG
=)l - UP LY - 1LY i) k<

(_1)'fl1-‘+t‘)L(_=t)L(t) _(_I)QUH)L(*)L},*)
=(-1) (g7 =) L§ LG i<j k<l
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The co-product A, co-unit £ and antipode S maps are defined by the following relations:

(L) = z LP®LY e(L™=1 S(L™)L™ =1

We stress that the product rule in verifying these maps is (3.4). It follows from (5.1)
that a representation p of U, is
o(LSNE = RY, p(LSNE = (R, (5.8)

=

The relations (5.5) are in agreement with the formulas given in [9] where they are
discussed in general terms. Here they follow as the existing relations in the space dual
to that of the one parameter version of Manin’s general linear supergroup; in [9], no
relation to Manin’s construction is made and only a few special cases of the solutions
(1.2) are mentioned. The above construction remains true for general a(z ])

6. Quantized universal enveloping algebra U, associated to GL,((M|N); a)

U, is defined as a subalgebra of the dual to Ag; U, is generated by the unit element
1 and the generators L(*)(! j =1, n) which are defined by the following duality relations

o Z1Z2...Z,‘):I®'° o
(L™, 2,Z,...2)=RWRY ... RY

where L'*’, Z, and R‘® are defined in a way identical to that of section 5 with the
difference that

R = PRP RT=R™! (6.2)

where R is defined in (4.6).
Due to the fact that R is a solution of the non-graded Yang-Baxter equation (4.7)
and of

R23R|5)R( )_ R )R23. (6.3)

It follows that the definition (6.1) is consistent with the relation (4.8); here, the
consistency does not depend on particular properties of R. It follows from (6.1) that
L™ and L7 are upper and lower triangular matrices respectively and that

LYLY =1 (i=1,n) (6.4)

with no summation over repeated indices. From the definition (6.1) it can be shown
that the following relations exist among the generators

RP(L®RNP(L=®I)=(L"'®NP(L*'®I)PR (6.5a)
RP(LP@NP(LTV®N = (L@ NP(L'Y@I)PR. (6.5b)

In verifying the consistency of (6.5} with the definition (6.1) use is made of the fact
that R is a solution of (4.7) and of

R;RyRY; = R{Z’RyR,, (6.6a)
R;RG'RT =Ry 'RE;'R,.. {6.6b)
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This way of defining the quantized universal enveloping algebra is not new and is well
described in [10}. Writing (6.5) explicitly we get

[LY", L]1=0 foralli
(LY =0 i+k=o0dd
Ly - (—1)“(f‘})qL(*)L(*) =0 k =even i<j
L(:t) (=)+( 1)'1(!1) —IL(t)L(t)= E‘—“Odd i<j
L(t)L(i)—(‘1)““2”‘113(-*)”-*)=0 i =even k<l
LEPLG + (=)o ®Rhg 1 p= <9 i=odd k<l
LYLEY - (-1)=@Ng L0 =0 k =even i<j
L(lk)bj\ +(~ 'w“”qL;k)Lif‘-O f2=0dd i<j
LOLP — () D [P =0 Feeven k<l )
LPLS +(-1)"®gL{L =0 {=odd k<
L LG = (—1)=kbradi gy o i< k<l
LPLY = (—1y~ vk po oo k<i<j<l
LWLy = (—1)“‘fj)+“(‘2-f’L}f)L§,f)=0 isk<lsj
(-1 LPLE - (-1)"FOLE LGP
={q ' - q)LLy i<j k<!
(—)“‘r'f)LEI’}L§;’—(—1)“‘£']L‘-‘}L‘-f"
=(¢7" - L7 L’ ~ Li” L] i<j k<l

The co-product A, co-unit £ and antipode are defined as in section 5; however, the
product rule is now (4.4). The fundamental representation g is as follows:

p(L5=RE  p(LTYs=(RTHE. (6.8)

In the next two sections we consider in more detail two simple cases.

7. Quantized algebra associated to GL,(1]1)

Although this algebra has already been given in [7, 9] we repeat the exercise for ease
of comparison. From the equations (5.5) with format (0, 1) and the identification

. (ki (q-q“)X+) _ ( ky 0)
L = L = _ N _ (7.1)
(0 k; —(g—q7 X" k:
we get
(X*)?=0 X ki=qX" kX ks =X ™
kX ki=q'X" X ky=q7'X" (7.2a}
Xx-+x-x+ =k Zkiks

g—q”"
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In terms of the usual Cartan subalgebra generators H,, H, we have that

k= g™ ky=gq"? [H,, X*]=%2X"* [Hy, X*]=2X" (7.2b)
The co-product, co-unit £ and antipode § are as follows:
ACkT)=ki®ky Alk) = kx® k3
AXN=B®X +X Rk, AMXT)=X"®ki+k; ®X™ (12¢)
S(ky)=k; S(ki)=k; S(XNY=—-ki X k; S(X)=-kXk,
e(k)=¢e(ky)) =1 e(XT)=e(X7)=0.
Consider the following transformation
X=Xk g )T =Xk K= (k)
The algebra described in (7.2} can now be written
N=(H,-H,)/2 H=(H;+ H))/2 K =qg""?
[H,x"]=+£2x" [N, x*]=0
N -N
WP=0  xxx =t (73)

AX*=K ®x"+x*®K
S(K*)=K* S(x*}=-x* e(x*)=0 e(K*)=1

Denoting the two-dimensional representation by (2}, we now consider the decomposi-
tion of the tensor product (2)®(2). The parity of x* and K is p(x*)=1, p(K}=0.
From (5.8) the fundamental representation is

{0 0) __(0 1) _(q”2 o)
X_(IO X =o o and K=\, g}

The states of the representation are

() ()

also p(|19) =0 and p{}—1}) =1. Using the rule
(A® B)|a)®|b) = A|a)® B|b)(—1) "1="7®
we get (2)®(2)=(2)*+ (2)** with
QPF={n3|1), g7 H®}- }+¢"-1)®[1)}
and
(2)** ={g""DB|-1)— ¢ |- 1)1}, |-DB| - 1}}.

8. Quantized algebra associated to GL,((1{1); a =0)

Given the format (0, 1) and the identification

w_(k (q"q“)X+) _=( ky 0)
L ‘(o ks P =\g-ex & @D
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the equations (6.5) with & =0 give the following set of relations

(X*¥=0 kX*ki=qg*X* by X ks =—g*X
_ _ 8.2
[ Yy .2 #2
g-q°"

The co-product, co-unit and antipode are identical to the mappings defined in (7.2¢).
The relations (8.2) are also given in [11]. Consider the following transformations
(i*=-1,A=1)

" +eyp—7 -yt 1_’\2 -
v =FX (kTk7) ”2[(((1_—‘}_),3] K=(k] k2)1/2 (8.3)
¢*, ¢~ and K satisfy the following relations ‘
(¥*)2=0 (8.4a)
and
K2_ K—Z
Ky*K™=A%y* VW—J’_W:_A—A_‘ (8.4b)

with co-product, co-unit and antipode defined as follows:
APpH) =K @y +y"®K A(K)=K*®K*

SWH=AE e(KN=1 e(wh)=0. (840)
It follows from the first two equations in {8.4b) that

K=H? [H, ¢*]=+2¢™. (8.4d)
With g = e” we have that
ky=q™"? [H), X*]=+2X*
k,=kK*=q"/? H,=H\+iny H [H:, X*]=£2X"(1+imp ). (85)

Note that following the change of basis described in (8.3), ¢ no longer appears in the
relations (8.4); relations (8.4b)-(8.4d) are those of U,(sl(2, C}) with ¢t =i Denoting

the two-dimensional representation by (2), we now consider the decomposition of the

aiiicl JrewOVAILRLARARL UY (&7, WOLIUWY LURIoAEND L RBRL LB 4 L)

tensor product (2)®(2) The parities of u,lx and K is p{¢*)=1, and p(K)=0. From
(6.8) we have

+_4-9 (0 0 __f(q—q“)(O 1)
V= (1 0) V= 00

1 0
K =q"'2(0 i)'

The states of the representation are

|I)=(?) and |—1>=(:})

AL/

and

p(1)=0 and p(|—1}))=1. Using the rule (A® B)|a)®|b)= A|a)® Bjb) we get
(D®(2)=(2)*®(2)** with

@* ={H®|1), g VIN®|~ 1)~ g"}-1®|1}}
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and
(2)** = {q1/2‘1)®|_1)+ g Y- 1R, [-1R|-1}

At this point we want to stress one of the important differences between the two
quantized universal enveloping algebras. In the case of GL,(1]1) the algebra described
in (7.3} has a well known classical limit (g - 1); note that for the two dimensional
representation K (g = 1)=(} 9) and it follows that the co-product A(y ™) is co-commuta-
tive. On the other hand, the algebra described in (8.4) is related to U,_;(sl(2, C)) and
therefore it does not have a classical limit; the deformation parameter ¢ has been set
equal to i and the parameter g is the free parameter that characterizes the representation
(see [11]); in addition, K does not reduce to unity even when g =1 and therefore
A{¢™) is not co-commutative.

9. Concluding remarks

The case examined in section 8 suggests that one of the consequences of choosing the
duality condition (4.3) instead of (3.3} is that the algebra obtained does not have a
classical limit; the general case remains to be examined. Note that (3.34) and (4.3a)
are both odd pairings. One might consider even pairings with either products (3.4) or
(4.4); it is not clear at this time whether this would lead to interesting structures. We
had mentioned in the Introduction that the algebra presented in [13] is also related
to the solutions {1.2) in the case g =i The connection between the algebra presented
in (6.6) and Lee’s algebra remains to be established. Finally let us mention that the
link polynomials associated with the solutions (1.2) were discussed in [14].
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Note added in proof. It can be shown that the algebra associated to GL,(1]1) and GL,((1|1); @ =0) are
isomorphic as algebras but differ in their coproducts and antipodes (they have different Hopf structures).
See [15] for details.
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